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ABSTRACT. In this paper, we study the Johnson homomorphisms 7, of the automor-
phism group of a free group of rank n, which are defined on the graded quotients of
the lower central series of the TA-automorphism group. In particular, we determine
the cokernel of 7/, for any k > 2 and n > k + 2.

1. INTRODUCTION

Let F), be a free group of rank n > 2, and Aut F,, the automorphism group of F},. Let
denote p : Aut F;, — Aut H the natural homomorphism induced from the abelianization
F,, — H. The kernel of p is called the IA-automorphism group of F,,, denoted by IA,,.
The subgroup IA,, reflects much richness and complexity of the structure of Aut Fj,,
and plays important roles on various studies of Aut Fj,.

Although the study of the [A-automorphism group has a long history since its finitely
many generators were obtained by Magnus [14] in 1935, the combinatorial group struc-
ture of TA, is still quite complicated. For instance, any presentation for IA,, is not
known in general. Nielsen [19] showed that 1A, coincides with the inner automorphism
group, hence, is a free group of rank 2. For n > 3, however, IA,, is much larger than
the inner automorphism group Inn F,,. Krsti¢ and McCool [13] showed that IAj is not
finitely presentable. For n > 4, it is not known whether IA,, is finitely presentable or
not.

Because of the complexity of the group structure of IA,, as mentioned above, it would
be sometimes not suitable to handle whole TA,, directly. In order to study IA,, with a
phased approach, we consider the Johnson filtration of Aut F;,. The Johnson filtration
is one of descending central series

1A, =A,(1) D A,(2)D---

consisting of normal subgroups of Aut F),, which first term is IA,,. (For detail, see
Subsection 2.4.) Each graded quotient gr®(A,) := A, (k)/A,(k + 1) naturally has a
GL(n, Z)-module structure, and from it we can extract some valuable information for
IA,,. For example, gr'(A,) is just the abelianization of TA,, due to Andreadakis [1], and
gr?(A,) is applied to determine the image of the cup product Ug : A2H'(IA,, Q) —
H?*(TIA,,, Q) by Pettet [20].

To understand the graded quotients gr*(A,,) more closely, we use the Johnson homo-
morphisms

T gt (Ap) — H* @z Lo(k +1).



(For detail, see Subsection 2.4.) One of the most fundamental properties of the Johnson
homomorphism is that 7 is a GL(n, Z)-equivariant injective homomorphism for each
k > 1. Hence, we can consider gr®(A,,) as a submodule of H*®z L, (k+1) which module
structure is easy to handle. Historically, the study of the Johnson homomorphisms was
originally begun in 1980 by D. Johnson [10] who determined the abelianization of the
Torelli subgroup of the mapping class group of a surface in [11]. Now, there is a broad
range of remarkable results for the Johnson homomorphisms of the mapping class group.
(For example, see [9] and [16], [17], [18].) These works also inspired the study of the
Johnson homomorphism of Aut F},. Recently, it achieved good progress through the
works of many authors, for example, [4], [5], [6], [12], [16], [17], [18] and [20].

In general, from a viewpoint of computation, it seems that to determine the struc-
ture of the cokernel of the Johnson homomorphism is inclined to be more simpler and
easier to handle than that of the image of the Johnson homomorphism. For 1 < k < 3,
the GL(n, Z)-module structure of the cokernel Coker(7; q) of the rational Johnson ho-
momorphism 74 q = 7, ® idq has been determined so far. (See [1], [20] and [22] for
k =1, 2 and 3 respectively.) Furthermore, by a recent remarkable work of Morita, it
is known that there appears the symmetric tensor product S¥Hq of Hq := H ®z Q in
Coker(7;.q). (See [18].) In general, however, it is quite difficult problem to determine
GL(n, Z)-module structure of Coker(7y q) for arbitrary & > 4. One reason for it is that
we cannot obtain an explicit generating system of grf(A,,) easily.

To avoid this difficulty, we consider the lower central series A/ (1) = IA,,, Al (2),
... of TA,. Since the Johnson filtration is central, we have A’ (k) C A, (k) for any
k > 1. It is conjectured that A/ (k) = A, (k) for each k > 1 by Andreadakis who
showed A} (k) = As(k) for each £ > 1 and A5(3) = A3(3) in [1]. Now, it is known that
Al (2) = A, (2) due to Cohen-Pakianathan [4, 5], Farb [6] and Kawazumi [12], and that
A! (3) has at most finite index in A4, (3) due to Pettet [20].

For each k > 1, set gr*(A!) := A/ (k)/ Al (k + 1). Since IA,, is finitely generated as
mentioned above, each grf(A’) is also finitely generated as an abelian group. Then we
can define a GL(n, Z)-equivariant homomorphism

T grk(A;L) — H " ®z L,(k+1)

by the same way as 7,. We also call 7;, the Johnson homomorphism of Aut F},. In
our research, we are interested in the study of the cokernel of 7] for the following three
reasons. First, we can directly obtain information about the cokernel of 7], using finitely
many generators of grf(A/). Second, using the representation theory, we can consider
Coker(7,q) as a GL(n,Z)-submodule of Coker(7; o). Hence, we can give an upper
bound on Coker(7; q). Finally, by the conjecture that A/, (k) = A, (k) for each k > 1,
these research would be applied to the study of the difference between the Johnson
filtration and the lower central series of IA,,.

For 1 < k < 3, we have Coker(7; ) = Coker(7;,q), and hence they have been com-
pletely determined. In our previous paper [23], we give the irreducible decomposition
of Coker(7yq) for n > 6. Furthermore, in [22], we showed that Coker(r; q) is large
in its own way. More precisely, let T(H) be the tensor algebra of H, and T'(H )" its
abelianization as a Lie algebra. Then T'(H )" naturally has a graded GL(n, Z)-module
structure. We denote by C,(k) the degree k part of T(H)* for each k > 1. In [22],



we have essentially shown that C}(k) appears in Coker(7; ) as a GL(n, Z)-equivariant
submodule. In particular, we have seen that Coker(7}, o) = C2(k) for 1 < k < 4 and
n > k -+ 2 from our results.

In this paper, we determine the cokernel of the rational Johnson homomorphism
Thq ‘= Tp ®idq for £ > 2 and n > k + 2. Our main theorem is

Theorem 1. (= Theorem 3.1.) For any k > 2 andn >k + 2,
Coker (7}, q) = C2(k).
This paper consists of four sections. In Section 2, we recall the TA-automorphism
group, the free Lie algebra and the Johnson homomorphisms of the automorphism

group of a free group. In Section 3, we discuss the cokernel of the rational Johnson
homomorphisms 7; .
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2. PRELIMINARIES

In this section, we recall the IA-automorphism group, the free Lie algebra and the
Johnson filtration of Aut F,,.

2.1. Notation and conventions.

Throughout the paper, we use the following notation and conventions. Let G be a
group and N a normal subgroup of G.

e The abelianization of G is denoted by G?P.

e The group Aut G of G acts on G from the right. For any 0 € Aut G and = € G,
the action of o on x is denoted by x.

e For an element g € GG, we also denote the coset class of g by g € G/N if there
is no confusion.

e For any Z-module M, we denote M ®z Q by the symbol obtained by attaching a
subscript Q to M, like Mq or MQ. Similarly, for any Z-linear map f : A — B,
the induced Q-linear map Aq — Bgq is denoted by fq or fQ.



e For elements x and y of GG, the commutator bracket [z,y] of z and y is defined
to be [z,y] := zyx "y~

2.2. TA-automorphism group.

In this paper, we fix a basis 1, ..., x, of F},. Let H := F" be the abelianization of F,
and p : Aut F;, — Aut H the natural homomorphism induced from the abelianization
of F,. In the following, we identify Aut H with the general linear group GL(n,Z) by
fixing the basis of H induced from the basis 1, ...,x, of F,. The kernel TA,, of p is
called the IA-automorphism group of F},. It is clear that the inner automorphism group
Inn F,, of F,, is contained in TA,. In general, however, IA, for n > 3 is much larger
than Inn F,. In fact, Magnus [14] showed that for any n > 3, IA,, is finitely generated
by automorphisms

—1 o

K, -, xr; o xxy, t=1,
1] .
Ty, t#£1

for distinct 4, j € {1,2,...,n} and
Kiji : xp — {Z’[xﬂ"xl]a i ; 27
for distinct ¢, 7, [ € {1,2,...,n} such that j < [. Recently, Cohen-Pakianathan [4, 5|0
Farb [6] and Kawazumi [12] independently showed
(1) IA® = H* @4 A°H
as a GL(n, Z)-module where H* := Homgz(H,Z) is the Z-linear dual group of H.

2.3. Free Lie algebra.

In this subsection we recall the free Lie algebra. Let I',(1) D T',(2) D --- be the
lower central series of a free group F;, defined by the rule

To(1) = F,, To(k) = [[u(k — 1), F,), k> 2.

We denote by L,,(k) :=T',(k)/I's(k + 1) the graded quotient of the lower central series
of F,, and by L, := @,-,L.(k) the associated graded sum. Since the group Aut F),
naturally acts on £, (k) for each & > 1, and since IA,, acts on it trivially, the action
of GL(n,Z) on each L, (k) is well-defined. Furthermore, the graded sum L£,, naturally
has a graded Lie algebra structure induced from the commutator bracket on F,,, and
called the free Lie algebra generated by H. (See [21] for basic material concerning the
free Lie algebra.) It is classically well known due to Witt [25] that each £,(k) is a
GL(n, Z)-equivariant free abelian group of rank

@) (k) = 1 3 '
d|k

where p is the Mobius function. For example, the GL(n, Z)-module structure of £, (k)
for 1 < k < 3 is given by

L,(1)=H, L,(2)=AH,
L,(3)=(H@z N’H)/(z@yAz+y@zhc+z0x Ay |z,y,2z€ H).



Next, we consider an embeddings of the free Lie algebra into the tensor algebra. Let
T(H) be the tensor algebra of H over Z. Then T'(H) is the universal enveloping algebra
of the free Lie algebra L,,, and the natural map ¢ : £,, — T(H) defined by

X,V]—»X®Y -Y®X

for X, Y € L, is an injective graded Lie algebra homomorphism. We denote by ¢
be the homomorphism of degree k part of ¢, and consider £, (k) as a submodule H®*
through ¢.

2.4. Johnson homomorphisms.

In this subsection, we recall the Johnson homomorphisms of Aut F,,. To begin with,
we consider a descending filtration of Aut F), called the Johnson filtration. For each
k > 0, the action of Aut F,, on the nilpotent quotient group F,, /I',,(k+ 1) of F,, induces
a homomorphism

Aut F,, — Aut(F, /T, (k+1)).
We denote its kernel by A, (k). Then the groups A, (k) define a descending central
filtration
Aut F, = A,(0) D A,(1) D A,(2) D ---

of Aut F,,, with A, (1) = IA,,. (See [1] for details.) It is called the Johnson filtra-
tion of Aut F,. For each k > 1, the group Aut F,, acts on 4,(k) by conjugation,
and it naturally induces an action of GL(n,Z) = Aut F,,/IA,, on the graded quotients
gr¥(A,) = A, (k)/A,(k +1). The graded sum gr(A,) := @,-, gr*(A,) has a graded

Lie algebra structure induced from the commutator bracket on IA,,.

In order to study the GL(n, Z)-module structure of gr*(A,,), we consider the Johnson
homomorphisms of Aut F}, as follows. For each £ > 1, define a homomorphism 7 :
A, (k) — Homgz(H, L,(k + 1)) by

o (z—2'2%), z¢cH.
Then the kernel of 7y is just A, (k + 1). Hence it induces an injective homomorphism
7t gr¥(A,) — Homg(H, L, (k +1)) = H @z L, (k +1).

The homomorphisms 75 and 7, are called the k-th Johnson homomorphisms of Aut F,.
It is known that each 7 is GL(n, Z)-equivariant injective homomorphism. Therefore,
to determine the image (or equivalently, the cokernel) of 74 is an important problem on
the study of the structure of gr*(A,).

For the Magnus generators of IA,,, their images by 7 are given by
(3) T(Ky) =27 ® [vi, 5], 1i(HKip) = 2} @ [z, 3]

Furthermore, we remark that 71 is an isomorphism and nothing but the abelianization
of TA,,. (See [4, 5, 6, 12].)

Let Der (L£,) be the graded Lie algebra of derivations of £,,. The degree k part of
Der (£,) is considered as H*®zL,(k + 1), and we identify them in this paper. Then
the sum of the Johnson homomorphisms

T = @Tk : gr(A,) — Der (£,,)

k>1



is a graded Lie algebra homomorphism. In fact, if we denote by 0§ the element of
Der (£,,) corresponding to an element ¢ € H*®zL,, and write the action of 9§ on
X € £, as X% then we have

Tk+l([07 O'/]) _ Tk(o,>8n(o-’) . T[(Ul)aTk(U)'

for any o € A, (k) and o’ € A, (l). This formula is very useful to study the image of the
Johnson homomorphism inductively. In general, however, to determine the structure
of the image and the cokernel of 7, is quite difficult.

Let A/ (k) be the lower central series of IA,, with A/ (1) = [A,,. Since the Johnson
filtration is central, A’ (k) C A, (k) for each k > 1. Set gr*(A!) := A’ (k)/ A’ (k+1) and
gr(A)) = @, er"(A},). Then gr(A}) is also a graded Lie algebra induced from the
commutator bracket on TA,,, and GL(n, Z) naturally acts on each of gr*(.A,). Moreover,
since TA,, is finitely generated by the Magnus generators K;; and Kj;;, each gr*(A!) is
also finitely generated by commutators of weight k& among the components K;;s and
Kile.

A restriction of 7y to A/ (k) induces a GL(n, Z)-equivariant homomorphism
7,1 gt (A,) — H* @z Lo(k +1),

and the sum

7= @T,Q :gr(Al) — Der (L))

k>1

is also a graded Lie algebra homomorphism. Furthermore, we have
Tiplo,0']) = 7i(0)"") — 7/(a")7™),

for any o € A/ (k) and o’ € A/ (I). Using this formula recursively, we can easily compute
7.(0) for any o € A/ (k) from (3). We should remark that in general, it is not known
whether 7/ is injective or not. In this paper, we study the cokernel of the rational
Johnson homomorphism 7; o = 7, ®idq. We remark that for 1 < k < 4, the irreducible
decomposition of Coker(7;, o) have already determined as follows:

k Coker(77, q)
1 0 Andreadakis [1]
2 S%Hq Pettet [20]
3 S3Hq & A*Hq Satoh [22]
2,12 2,2
4| S*Hqo HG' @ HG® | Satoh [23]

Here, for any k& > 1, H* denotes the Schur-Weyl module of H corresponding to the
partition A of k. In particular, the modules H* and H [1*] are the symmetric product
S*H and the exterior product A*H respectively. (See [8] for basic material concerning
the Schur-Weyl module for example.)



3. THE COKERNEL OF Ty o

In this section, we determine the cokernel of the rational Johnson homomorphism
Tr.q for n >k + 2. In Subsection 3.1, we consider a lower bound on Coker(7;, o) using
trace maps. In Subsections 3.2 and 3.3, we give an upper bound on Coker(TAQ)

3.1. Contractions and trace maps.

Let
T(H) =P H>*
k>0
be the tensor algebra generated by H over Z. The algebra T(H) is isomorphic to the
non-commutative polynomial ring Z(x1, ..., z,), and on which GL(n, Z) naturally acts.

The abelianization T'(H)* of T(H) as a Lie algebra is also graded GL(n,Z)-module.
We write C, (k) for the degree k part of T'(H)*. Namely, C,(k) is a quotient module of
H®* by a submodule of H®* generated by elements type of

xil®xi2®"'®xik_$i2®"‘®$ik®xi1 EH®k, 1<i <n.
Each of C, (k) is also GL(n,Z)-module. For 1 < k < 3, the irreducible decomposition
of CQ(k) is given by
CQ(1) = Hq, CR(2)=S’Hq, C2(3)=S°Hq® A*Hq.
In this subsection, we define trace maps which are used to detect C2(k) in the cokernel
of TAQ. To begin with, we consider contraction maps.

For k>1and 1 <1<k+1,let o*: H*@z,H®***) — H®* be the contraction map
defined by
$:®xj1 ®"'®xjk+1 Hx:(mjl) " Ljy ®"'®"'®$J'k+1'
For the natural embedding (*1 : £, (k+1) — H®*+1 we obtain a GL(n, Z)-equivariant
homomorphism

dF = o (idye @ FTY)  H* @z L, (k4 1) — H®,

We also call ®* a contraction map.

Lemma 3.1. For any 1 < 1,iy,...,1 < n such that i1 # 1, we have

@k(x:;@[xiaxiu s 7$Zk])

k
=T @ @@y — E :6i,iz[$i7xi17"'7$i171] Q Ty @0 DTy
=2

Lemma 3.2. Forn > k + 1, the contraction map ®* is surjective.

Now, let Tr(k) be the composition of the contraction map ®* and the natural projec-
tion H®* — C, (k). We call it the trace map for C, (k). From Lemma 3.2, for n > k+1,
the trace map Tr(k) is surjective. On the other hand, in our previous paper [22], we
showed that

(4) Tr(k)or, =0

for any n > k > 2. Hence we see



Proposition 3.1. Forn > k+1 and k > 2,
Coker(7/,q) D C2(k).
Here we remark that the inclusion in Proposition 3.1 means that Coker(7; o) contains
a GL(n, Z)-submodule which is isomorphic to C2(k).

3.2. The image of ®* o 7.

Let U, (k) be the kernel of the natural projection H®* — C,(k). From (4), we see
that Im(®* o 7}) C U,(k). In this subsection, we show that Im(®* o 7{) coincides with
U, (k) for any n > k + 2 and k > 1.

Lemma 3.3. Forn >3 and k> 1, if iy,... 1511 # 1,
T Q [Tiy, Tig, - - -5 Ty, ) € Im (7).
Lemma 3.4. Forn >3 and k > 1, if i,j # ia,...,ixgs1 and i # j, we have
T @ [T, T,y - ooy Ty, | — T @ [T, iy, Ty, -, 3] € Tm(7).

Proposition 3.2. Forn > k+2 and k > 1, the map ®* o 7 : gr*(A) — U, (k) is
surjective.

3.3. The Kernel of ®F.

In this subsection we show that Ker(®*) C Im(7r]) for n > k+ 2 and k > 2. (It
is clear for the case where k = 1 since 7{ = 7 is surjective.) Here we use = for the
equality in Ker(®*) modulo Ker(®*) N Im(r}).

Take any X € Ker(®*). We show X = 0. Since X € H* ®z L, (k + 1), X is written
as a linear combination of elements type of

T @ [Xiy, Tigy - Ti ] € H @7 Lyy(k+ 1)

for 1 <1, iy < n. We fix one of such expressions. In the following, we reduce such linear
combination observing some elements in Ker(®*).

First, considering Lemma 3.3, we may assume that in each of ] ® [;,, @iy, ..., T4, ,,]
in the linear combination above, i; = ¢ for at least one 1 <[ < k + 1. Next, take any
vy ® [T, Tiy, - . ., T4, ,, | such that 4, = 4, = 7 for some I} # l,. Since n > k + 1, there

exists a certain 1 < j < n such that j # 1,4, for 1 <1 <k + 1. If we set

L Kijik+17 1 7’é k+t1,
01 = -1 . .
Kij 5 1= 1k+1,
we have
/ ok
T1(01) = 2} ® [x), i, |-

From Lemma 3.3, there exists a certain oo € A/ (k — 1) such that

TI;—I(UQ) = l’; ® [ximxiz? s 7$ik]‘



Then,

(o1, 00]) = 2] ® [xil,xiz, R~
—25,” T ® T PR I P I A o

=1 ® [951'1,1'@'2,-.- Ty ]
—|—Z5”l T ® [T, Tig s [Tirs s Tip o] Ty s - - Ty )

If n > k + 2, we can take a certain 1 < m < n such that m # j,4; for 1 <[ <k + 1.
By Lemma 3.3, there exist some o3 € A/ (k — 1) such that

Th1(03) = =25 @ [iy, - Tiy_y, Trn, Tiy s - -+ Ty
=25 @ [T, [Tiys -+ s Tig_ s Tigyrs -+ -5 Ty )-
Then we have
T (E i1 3)) = Ty @ [Ty [Ty -+ 5 Tip s Tiyys -+ -5 Ty Ty
— 25 @ [, Ty, [Tiys s iy | iy Ty )

Using this and (5), we see that an element

* —_— * . . .
Y =z® [:E,l,xu, Ty ]

+§ :5”l m® Ty, [:Ella'"7:Ci171]7xiz+17"'7xik7'xik+1]7

= ZL‘: & ['Th?xiQ? s xik+1]
_ 26“1 T, X x“, cey Ly Ty Tig gy - - ,l‘ik,l’ikﬂ]

belongs to Im(7{). Furthermore, from Lemma 3.1, we also see that Y € Ker(®*).
Considering (6), we may assume that X is a linear combination of elements
(7) Ty @ [Ty iy Ty Ty - Ty, LTS E+1
such that il, Ce 7Z'l—17il+17 . ,ik+1 7é 1.

Now, for any [ > 1, we denote by &; the symmetric group of degree [. Then we have
Lemma 3.5. For any [,m > 1, an element

I:Ii17 <oy Ty, [.le, e ,CL’jm]] c £n(l + m)
18 written as a linear combination of elements
[xil, Ca 7%“ xj_y<1), . ,.ijw(m)]

for some v € Gy p,.

Using Lemma 3.5, we see that the element

(7) = —IL'; ® [ZE,’, [xiu s 7$il—1]’ Ligggre - 7$ik+1]7



and hence X, is written as a linear combination of elements type of
Ty @ [T Tig,y 5 Tiy, ]
for 49, ... ik1 # 1.
Lemma 3.6. Forn>k+2 and k> 2, if i iy, ... 1511, then
T Q [T, Tigy ooy Ty — TF @ (T4, Ty, Ty, Tiy) € Im(77).
Lemma 3.7. Forn>k+2 and k> 2, if i,j # io,...,0k41 and i # j, we have

T; @ [, Ty, o, Ty | — T @ [T, Ty, 1] € Im(7,) N Ker(®F).

From Lemma 3.7, we see that 2} ® [z;, 24, . .., %;,,] modulo Ker(®") N Im(r;) does
not depend on the choice of 7 such that 7 # ¢, for 2 <[ < k+ 1. Since n > k + 2, for
any is,...,Iik11, we can take some ¢ such that i # ¢; for 2 < [ < k + 1. We fix such
i =1i(ig,...,0ks1), and set

S(ig, ..y ikg1) = X @ [T, Tig, - -, Ty -

Then, using Lemma 3.7, we obtain

n

_ . . . /
X = E aiz,...,ik+18(l27 N ,Zk+1) =. X

12,..ig1=1

for some a;,, . € Z. By the assumption, X’ € Ker(®*). Therefore, by Lemma 3.1,

we have

kg1
n
@k(X/) _ Z gy g1 iy @+ @y, =0 € H®k,
i9yeipy1=1
and hence
Qig,..sipyr = 0

for any 1 < i; < n. This shows that X = 0. Thus we conclude
Proposition 3.3. For k> 2 andn > k + 2,
Ker(®*) C Im(r).

Finally, we determine the cokernel of 77 o for n > k + 2. Observing a sequence

q,k
H @z LIk + 1) = HEF — C2(k)
of GL(n, Z)-equivariant surjective homomorphisms, we see
Hg ®7 LYk + 1) = Ker () @ UL (k) & C2(k)
as a GL(n, Z)-module. Therefore, from Propositions 3.1, 3.2 and 3.3, we conclude that
Theorem 3.1. For k> 2 andn > k + 2,
Coker (7}, q) = C2 (k).
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