SMITH SET FOR A SIMPLE GROUP

O00000D0000000000000d (Toshio Sumi)
Faculty of Design
Kyushu University

1. O

0000000000000 000DO0000000DO000O0D0D0ODOo00OOo0OD
000000000000 00000000000000000000o0oOn ([Smieo])O
Ubooodoooodooonoodooooooooooooooooooon
O00000000DOOPetrie([Pet79,PR8S) 00 0O0O0DOOODOODOOODOOODOODO
0oodooooooboooddoooooooooboooooozZ/4n000ooooon
0 Chappell-Shaneson ([CS82]) 0O DO OO OO0O0ODOOODOSanchez ([San76]))0 00000
goooob pgddoob pUddbbbbbooooooobbbb oo
gooodooooooooboooooooooooooooooobooooooon
0on

Oo00ooDooOo0 smG)UOOO0000000o0oooooOD {(xyfOoOoOoOoxoO00d
D00GOO000000000 T(X), T,(X)0000000000000 [TyE)]-[T,E)] 0
0000000 sSmGODODO0O0D000D0DO0000DO GOoOODOOROOODOOODO é0
gooGc-00000bO00Dodool1000ooobDEooooooooooooDonooon
00000000000000000000£000000000000 =[¢]-[£] € SMG)
000000000 00SmG) ={000000000000O0OO 0 Pawatowski-Solomon
(PSO2) 0O OD0O0OO0D0ODOOODODOOODOODODODOOODOODOOOODOOd
CSmMG) D 000 000D OOOO O Laitinen-Pawatowski ([LP99)) D 00D DO ODO0OOOODOO
0000000000000 GoooDO00DnDooO0 SmG)DoDoooooooooooon
uon

2. 00000

000000000000 000000000000 kOODOOO CcO0O0O0OAtiyah-Bott
([AB66]) DO OOSMCy) =0} (pO000OO00O0O0C00O0O00ODODOOSanchez ([San76]) O O
O00SMCpr) ={0})(p00O000O00O0O00OOODOOO Chappell-Shaneson ([CS82]) D O OO
SM(Cy) # {0}0Kk>2000000000000000GLOOOOOSMG)#{0}0000
D000000000oooo (DPss)0000000000DNDDOO0OSmC,) ={0}0
000000000000 OO00bO00oo0oo0bOO0o0ooOooDbOOoonodo Morimoto
(Mor08]) 0 00O SmM(Z/2k) c RO(Z/k 0000000000 n: Z/2k—»Z/kO OO0

SM(Z/2K) > 7*SM(Z/K) = SM(Z/K)
0000000000000000000000000000000000

2000 Mathematics Subject Classification. 57S17, 20C15.
Key words and phrases. real representation, Smith problem, Perfect groups.



3. 00booogon

Petrie ([Pet83)) 00 DD 0D ODO0O0O0OO0O0OD U,VOOOOOU,VO SmithOoooOO
dooooboododoooboooobbooooooooooo v,vooooooooo
U~VDOOOOSMG) ={[U]-[V]€ROG)|U~V}000020000 SmithO OO0
00 0O 0[DW89], [MP85], [DS92], [LP991 0 0 0210 0 0O O OO [PS02], [Mor07], [Xia07],
[Sum07], [MQO08], [Sum08], [MQO09], [Sum09], [Morl0] D O OO OO OO0OO

U,vO sSmithOODDODO000D000000000D000D00000 00000000
000 uU,vOOOOOOOOO0OOO0OO0O0oGoOOoooOKOOoOoOoxXoooooooooo
000000000000U=VOOOOSSMG) ={[U]-[V]IeROG)|U=xV}OO00O0O
Sanchez ([San76]) D0 O0OGUOOODDOOOODODOSSMG) ={0}0 000000000
O00sSMG) # {00 000GUOOODOO0DDNOODDNOODDOOD Petrie ([Pet83])
0000000 OPawatowski-Solomon ([PS02)) D O 00D O0DO00DODOOOOO GOOO
O0SMG) # {0} 0000000000 sSmithequivalence0 000000 O0OOO0DOO0O
O00sSM(G) ={0} 00000 00O sSmith equivalence O O O O O O [Pet83], [Dov84], [PR85],
[Cho85], [DP85], [CS85], [Suh85], [Cho88] D D D OO OO OO

4, CSMG)=SmG) 0000000

OO0OROG)DOODOODDODOODODOODOROG UODODODOAODDOGDOODO
0000 %, 00000
o Az = ] ker(Res3: RO(G) — RO(P)) N A
PeF1
o« A = () ker(Fix": RO(G) — RO(Ng(L)/L)) N A
LeF,
.ﬂgzﬂﬂmﬂﬁ: ﬂkerResSmﬂkerFimeﬂ
Pef1 LeF?
OO000oPGLOOOD0000ODO0OD0O0 GUOOOODOOoDODODOoDOoOoooOoo
Bredon ([Bre69)) I 0 OO0 OOOD0OO C-00DO00O0DOODODODOODODODOODODO 2200
OO0000D0000000D000D000O0000000000SmC,.)000000o0oan
OO0az30000000000000O00000000OO0OU~VOOOOOOUBW ~VeW
O00000DOO0O 0O Cappell-Shaneson ([CS82])) DO OO OO

SM(G X Cg)pixcy) = SM(G x Cg)

O00000P(G) 0000 1234, 0000000000 GOOODOOOOODOOOOOO
SM(G)p, ) = SM(G) c RO(G)p, ()

D00000CSMG) OO

o 36 ={xy}

e ]JI00000ODOOOOOPOODODOXOOOOOO
Ooodobozxzod0boooo cGhOboooooonoooobooonoooooooooon
OO00DO0O00cCcsSmG)UOoooGcUoooOoonoooonoooeCcsmGOOoooonod
ooooDooocecsmG)Uoooooon

CSM(G) c RO(G)P(G)

gbooooao
SmG)=CSmG) 000000000000 0Dooooo



(Qu(@HOgeGUOUODOODDDODOUODDDOODODOODDOOODOOOODOOOO
00 agc 00 00ag =rankRO(G)p OO O OO0
Theorem4.1([LP99]). DO OO OODO
e 3 <1000 CSM(G) = {0}.
e 000 GOOODOEs =2 < CSM(G) # {0}.
ogoooooooo
Proposition 4.2. Sm(G) = CSM(G) O 0 00 SM(G)p = SMG) 0 00 O

CSmG) 0 SmG) OO0 GO0 OnDoooDooonoooooooooon
0 O O Pawatowski-Sumi ([PS09]) D O DD OSMG) =CSmG) 0000000000000
O0D0icO00D00D000OgeGOOOO

ic(g) ;= #{V € Irr(G) | dim V9 = 0}
oood
i := max(fic(g) | lgl = 25, k= 3} U {0))
gooooo

Theorem 4.3 ([PS09]). ic <1000 SMG) = SMG)pe 00O OO0

0000000000000 00000000000000000000000000FP,
G/HOODODODOOOOH/POOODODOODD P<H<GOOODOOOODOOOO
0 ([0li96])0

00000000000000000

Cordllary44. ic<1 0000000000 GUOOOOODOOOOOOO

e gz <1
« CSM(G) = {0}
e SMG) = {0}

41. Smplegroups. O OO GOO{1j,GO00000000DOOODOOOOOOODOO
ggbbooooobbboooob

() 0ooOooo

() 000000000000 A, PSL(n,g), PSU(n,q) OO

() 00000

0000000000000000000000000
()0000000000000000SmC,)=1{0}000 ([AB66])0
(000000000000:

Theorem 4.5 (cf. [PS09]). 00000000000 90000y c(g*000000000
ic=00000

O000ia,=0000000Theorem4300000000
Theorem 4.6. CSm(A,) = SM(A,) = Ro(An){;\(nA}n)

0000000000000000000000000000000000000000
D00D000000000 ([Ada02], [SF73]), CSMG) =SmG) 000000000000



Ree 0 Ree(3?™1)
000 Sz(22Y)
PSL(2,0)
PSL(3,0)
PSU(3, ¢?)

(3)DDDDDDDDDDDM11, M1z, Moy, Moz, Moy Jq, o, J3, Js, COs, CO,, Coy, Figz, Fi23,
Fis,, Suz, HS, ML, He, HN, Th, O'N, Ly, Ry, B, MO OO00000000026000000
00000000000000CSMG) =SMG) 000000

OOooOoooi1o0booooboooboobobobobooobooobooboobo
gooooooooon

ZG)={1} = ic=0

4.2. Automorphism groups of simplegroups. 000000000000 O0DOOO0O0OO
gdod

Theorem 4.7. CSM(S,) = SM(Sy) = RO(S,)pe, 000000000

0, n=2,3,4,5
1, n==6
as,—2(=3), nx>7

gbooboogooood

Theorem 4.8 ([Sum09]). CSM(PGL(2, q)) = SM(PGL(2, 4)) = RO(PGL(2, 9))pa: o)

G=PGLEB,qO0OO0O00O0CSMG)=SmG) 000000 DO Morimoto-Qi ((MQ09]) O O O
goodoo

SM(G) = RO(G)g,

oooooQ
Atlas ((CCN*85]) 00000000000 KOOOO mnOOOOmKO

1-Ch—->mK->K->1
OO000D0000OmK.nO
l1->mK->mKn->C,—-1
OO00O0DOooDoo

Theorem49. 000000 LOODOOL>G>1L" 00000 GO CSMG) =SmMG) O
oooo

3.McL.2,3.3:.2, 3.Fi},.2, 3.0'N.2, 2.M1p, M12.2, 2.3, J,.2,

2.HS, HS.2, 2.Ru, 2.Coy, 6.Fiy.2, 3.Suz.2, 6.M»,.2, He.2, HN.2

0000000ig>100000000000000GL(n,q) ([Ste51], [Gre55]) 0 O 0 O
0000000000000000000000000000000Z@G)={1}00000
0GOOODig=00000000000000ig>100000Bredon ([Bre69]) 000
00000000000000000



References

[AB66]

[Ada02]
[Bre69]

[CCN*85]
[Cho85]
[Cho88]

[CS82]

[CS85]

[Dov84]
[DP85]
[DS92]
[DW89]
[Gre55]
[9L93]
[LP99]

[Mor07]

[Mor08]
[Mor10]

[MP85]

[MQO8]
[MQO9]
[01i96]
[Pet79]

[Pet83]

M. F. Atiyah and R. Bott, A Lefschetz fixed point formula for elliptic differential operators, Bull. Amer.
Math. Soc. 72 (1966), 245-250.

Jeffrey Adams, Character table of PSL(2, Fy), http://www-users.math.umd.edu/ jda/characters/, 2002.
Glen E. Bredon, Representations at fixed points of smooth actions of compact groups., Ann. of Math. (2)
89 (1969), 515-532.

J. H. Conway, R. T. Curtis, S. P. Norton, R. A. Parker, and R. A. Wilson, Atlas of finite groups, Oxford
University Press, Eynsham, 1985, Maximal subgroups and ordinary characters for simple groups, With
computational assistance from J. G. Thackray.

Eung Chun Cho, Smith equivalent representations of generalized quaternion groups, Group actions on
manifolds (Boulder, Colo., 1983), Contemp. Math., vol. 36, Amer. Math. Soc., Providence, RI, 1985,
pp. 317-322.

, S-Smith equival ent representations of dihedral groups, Pacific J. Math. 135 (1988), no. 1, 17-28.
Sylvain E. Cappell and Julius L. Shaneson, Fixed points of periodic differentiable maps, Invent. Math. 68
(1982), no. 1, 1-19.

Eung Chun Cho and Dong Youp Suh, Induction in equivariant K-theory and s-Smith equivalence of
representations, Group actions on manifolds (Boulder, Colo., 1983), Contemp. Math., vol. 36, Amer.
Math. Soc., Providence, RI, 1985, pp. 311-315.

Karl Heinz Dovermann, Even-dimensional s-Smith equivalent representations, Algebraic topology,
Aarhus 1982 (Aarhus, 1982), Lecture Notes in Math., vol. 1051, Springer, Berlin, 1984, pp. 587-602.
Karl Heinz Dovermann and Ted Petrie, Smith equivalence of representations for odd order cyclic groups,
Topology 24 (1985), no. 3, 283-305.

Karl Heinz Dovermann and Dong Youp Suh, Smith equivalence for finite abelian groups, Pacific J. Math.
152 (1992), no. 1, 41-78.

Karl Heinz Dovermann and Lawrence C. Washington, Relations between cyclotomic units and Smith
equivalence of representations, Topology 28 (1989), no. 1, 81-89.

J. A. Green, The characters of the finite general linear groups, Trans. Amer. Math. Soc. 80 (1955), 402—
447,

G. James and M. Liebeck, Representations and characters of groups, Cambridge Mathematical Text-
books, Cambridge University Press, Cambridge, 1993.

Erkki Laitinen and Krzysztof Pawatowski, Smith equivalence of representations for finite perfect groups,
Proc. Amer. Math. Soc. 127 (1999), no. 1, 297-307.

Masaharu Morimoto, Construction of smooth actions on spheres for Smith equivalent representations,
RIMS Kokyuroku 1569 (2007), 52-58, The theory of transformation groups and its applications (Kyoto,
2007).

, Smith equivalent Aut(Ag)-representations are isomorphic, Proc. Amer. Math. Soc. 136 (2008),
no. 10, 3683-3688.

, Nontrivial $(G)-matched S-related pairs for finite gap Oliver groups, J. Math. Soc. Japan 62
(2010), no. 2, 623-647.

Mikiya Masuda and Ted Petrie, Lectures on transformation groups and Smith equivalence, Group actions
on manifolds (Boulder, Colo., 1983), Contemp. Math., vol. 36, Amer. Math. Soc., Providence, RI, 1985,
pp. 191-242.

Masaharu Morimoto and Yan Qi, Tangential representations at fixed points, RIMS Kokyuroku 1612
(2008), 41-49, Geometry of Transformation Groups and Related Topics (Kyoto, 2008).

__, Sudy of the Smith sets of gap Oliver groups, RIMS Kokyuroku 1670 (2009), 126-139, Trans-
formation groups from a new viewpoint (Kyoto, 2009).

Bob Oliver, Fixed point sets and tangent bundles of actions on disks and Euclidean spaces, Topology 35
(1996), no. 3, 583-615.

Ted Petrie, Three theorems in transformation groups, Algebraic topology, Aarhus 1978 (Proc. Sympos.,
Univ. Aarhus, Aarhus, 1978), Lecture Notes in Math., vol. 763, Springer, Berlin, 1979, pp. 549-572.

, Smith equivalence of representations, Math. Proc. Cambridge Philos. Soc. 94 (1983), no. 1,

61-99.



[PR85]
[PS02]
[PS09]
[San76]
[SF73]
[Smi60]
[Ste51]
[Suh8s]

[Sum07]

[SumO08]
[Sum09]

[Xia07]

Ted Petrie and John Randall, Spherical isotropy representations, Inst. Hautes Etudes Sci. Publ. Math. 62
(1985), 221-256.

Krzysztof Pawatowski and Ronald Solomon, Smith equivalence and finite Oliver groups with Laitinen
number 0 or 1, Algebr. Geom. Topol. 2 (2002), 843-895 (electronic).

Krzysztof Pawatowski and Toshio Sumi, The Laitinen conjecture for finite solvable Oliver groups, Proc.
Amer. Math. Soc. 137 (2009), no. 6, 2147-2156.

Cristian U. Sanchez, Actions of groups of odd order on compact, orientable manifolds, Proc. Amer. Math.
Soc. 54 (1976), 445-448.

William A. Simpson and J. Sutherland Frame, The character tables for SL(3, q), SU(3, %), PSL(3, q),
PSU(3, ¢?), Canad. J. Math. 25 (1973), 486—494.

P. A. Smith, New results and old problems in finite transformation groups, Bull. Amer. Math. Soc. 66
(1960), 401-415.

Robert Steinberg, The representations of GL(3, g), GL(4, q), PGL(3, g), and PGL(4, g), Canadian J. Math.
3(1951), 225-235.

Dong Youp Suh, s-Smith equivalent representations of finite abelian groups, Group actions on manifolds
(Boulder, Colo., 1993), Contemp. Math., vol. 36, Amer. Math. Soc., Providence, RI, 1985, pp. 323-329.
Toshio Sumi, Finite groups possessing Smith equivalent, nonisomorphic representations, RIMS
Kokyuroku 1569 (2007), 170-179, The theory of transformation groups and its applications (Kyoto,
2007).

, Smith problem for a finite Oliver group with non-trivial center, RIMS Kokyuroku 1612 (2008),
196-204, Geometry of transformation groups and related topics (Kyoto, 2008).

, Smith set for a nongap Oliver group, RIMS Kokyuroku 1670 (2009), 25-33, Transformation
groups from a new viewpoint (Kyoto, 2009).

Ju XianMeng, The Smith isomor phism question: areview and new results, RIMS Kokyuroku 1569 (2007),
43-51, The theory of transformation groups and its applications (Kyoto, 2007).

Facurry or DesigN, Kyusau UN1vERsITY, SHIOBARU 4-9-1, Fukuoka, 815-8540, JapaN
E-mail address: sumi@design.kyushu-u.ac.jp



